Abstract. We classify the hulls of different limit-periodic potentials and show that the hull of a limit-periodic potential is a procyclic group. We describe how limit-periodic potentials can be generated from a procyclic group and answer arising questions. As an expository paper, we discuss the connection between limit-periodic potentials and profinite groups as completely as possible and review some recent results on Schrödinger operators obtained in this context.
Introduction
This expository paper is motivated by recent research on limit-periodic Schrödinger operators [1, 4, 5, 6] . In [1] , Avila gave a new way to treat limit-periodic potentials by regarding limitperiodic potentials as generated by continuous sampling function along the orbits of a minimal translation of a Cantor group, allowing one to separate the base dynamics and the sampling function. Damanik and I discussed this connection in [4, 5, 6] . However, those discussions weren't very comprehensive, since the goals of these works (including Avila's [1] ) were to study spectral properties of the associated Schrödinger operators, but not the connection itself. There are still some questions waiting to be clarified.
By that definition, Cantor groups belong to a larger class of groups, profinite groups, that will help us to understand Cantor groups better (we shall see that a Cantor group, that admits a minimal translation, is a procyclic group). The main tasks of this paper are: (1) classification of the hulls of different limit-periodic potentials; (2) characterization of the hull of a limit-periodic potential.
As an expository paper, we will cover related questions with the goal to provide a reference for future study in limit-periodic Schrödinger operators and other related topics.
Classification of the Hulls of Limit-Periodic Potentials
Definition 1. Given a topological group Ω, a map T : Ω → Ω is called a translation if T (ω) = ω · ω 0 for some ω 0 ∈ Ω, and T is called minimal if the orbit {T n (ω) : n ∈ Z} of every ω ∈ Ω is dense in Ω. 
Definition 2. A potential p ∈ ℓ ∞ (Z) is called periodic if orb(p) is finite, and p is called limitperiodic if it belongs to the closure of the set of periodic potentials.
For a limit-periodic potential d ∈ ℓ ∞ (Z), it is easy to see that every d ′ ∈ hull(d) is still limitperiodic. We also have The last statement in Proposition 3 tells us that hull(d) is totally disconnected. The translation
Let us denote hull(d) by Ω d . The dual group,Ω d , of characters on Ω d is naturally a topological subgroup of the circle group C, the multiplicative group of all complex numbers of absolute value 1, since the dual group of Z is C. By taking inverse image under the map R → C, α → e iα , we obtain a subgroup F d of R, called the frequency module of d. F d is countable since Ω d has a countable dense subset orb(d), and it is a Z-module. 
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where p j ∈ ℓ ∞ (Z) are n j -periodic. This convergence is uniform.
Remark 8. Given any positive integer set
Given a limit-periodic potential d ∈ ℓ ∞ (Z) which is not periodic, F d is countable and infinitely generated (if it is finitely generated, d is quasi-periodic or periodic; see Appendix 1 of [2] ). Denote the set of generators of are both non-zero. Choose a periodic potential p ∈ ℓ ∞ (Z) with
It follows that
divides both 2πα 1 and 2πα 2 where h is the period † of p (note that the frequency module of an h-periodic potential is finitely generated, and there is a common divisor 2π h of the generators; see Appendix 1 of [2] ). So there exists n 1 ∈ Z + such that the greatest † In this paper, the period of a periodic potential is considered as the minimal period.
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, and the Z-module generated by {2πα 1 , 2πα 2 } is the Z-module generated by { 2π n 1 }. Similarly, for α 1 , α 2 and α 3 there exists a positive integer n 2 such that the Z-module generated by {2πα 1 , 2πα 2 , 2πα 3 } is the Z-module generated by { 2π n 2 }. Clearly, n 1 |n 2 . By induction, we can find an infinite positive integer set
We call S d a frequency integer set of d. In general, we say that S d is a frequency integer set of d if one can obtain the frequency module Proof. If S d , Sd are both finite sets, d,d are periodic, and then the statement follows readily. We assume that S d , Sd are infinite sets. First assume that for any n i ∈ S d there exists m j ∈ Sd such that n i |m j and vice versa. Then, for n i 1 ∈ S d , there exists m j 1 ∈ Sd such that n i 1 |m j 1 . Consider m j 1 ∈ Sd, and similarly, there exists n i 2 ∈ S d with m j 1 |n i 2 . By induction, we get infinite subsets
can be a frequency integer set of some limit-periodic potential d ′ (see Remark 8) . By Theorem 9, we conclude that
Conversely, assume that such a condition is not successful. Without loss of generality, suppose that for a fixed n 1 ∈ S d , n 1 ∤ m j for any m j ∈ Sd. If Ω d ∼ = Ωd, by the Pontryagin duality theorem, we haveΩ d ∼ =Ωd. So there is an isomorphism φ :Ω d →Ωd with φ(e 2πi ) = e 2πi (the identity must be mapped to the identity). Write
and we get φ(e
which is impossible since m t 1 /n 1 is not an integer. Thus, Ω d ≇ Ωd. The proof is complete.
By Theorem 10, we conclude the following classification theorem. 
Theorem 11. Given two limit-periodic potentials
is a finite cyclic group. If d is limit-periodic but not periodic, the previous theorems don't give us any information about the structure of the hull of a limitperiodic potential. We shall see that hull(d) is a procyclic group later. We will also explain how to generate limit-periodic potentials from a procyclic group.
Profinite Groups Definition 12. A group Ω is called Cantor if it is a totally disconnected compact Abelian topological group without isolated points.

Remark 13. Not every Cantor group has minimal translations. For example,
where Z 2 is a cyclic 2-group, is a Cantor group with the product topology, but it has no minimal translations, since ω + ω is the identity for any ω ∈ Ω.
By the definition of Cantor groups and Proposition 3, we conclude that given a limit-periodic potential d ∈ ℓ ∞ (Z) with an infinite frequency integer set (it ensures that d is not periodic), hull(d) is a Cantor group which has a minimal translation. A topological profinite group is by definition an inverse limit of finite topological groups. Now let's introduce the related definitions.
A directed set is a partially ordered set I such that for all i 1 , i 2 ∈ I there is an element j ∈ I for which i 1 ≤ j and i 2 ≤ j. Definition 14. An inverse system (X i , φ ij ) of topological groups indexed by a directed set I consists of a family (X i | i ∈ I) of topological groups and a family (φ ij : X j → X i | i, j ∈ I, i ≤ j) of continuous homomorphisms such that φ ii is the identity map id X i for each i and φ ij φ jk = φ ik whenever i ≤ j ≤ k.
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For example, let I = Z + with the usual order, let p be a prime, and let X i = Z/p i Z for each i, and for j ≥ i let φ ij : X j → X i be the map defined by
is an inverse system of finite topological groups. Let (X i , φ ij ) be an inverse system of topological groups and let Y be a topological group. We call a family (φ i : Y → X i | i ∈ I) of continuous homomorphisms compatible if φ ij φ j = φ i whenever i ≤ j; that is, each of the following diagrams 
That is, there is a unique continuous homomorphism ϕ such that each of the following diagram
be an inverse system of topological groups, indexed by I.
(1). There exists an inverse limit (X, φ i ) of (X i , φ ij ), for which X is a topological group and the maps φ i are continuous homomorphisms.
i ) are inverse limits of the inverse system, then there is an isomorphismφ :
i for each i. (3). Write G = i∈I X i with the product topology and for each i write π i for the projection map from G to X i . Define
The result above shows that the inverse limit of an inverse system (X i , φ ij ) exists and is unique up to isomorphism ‡ . We also have the following important characterization of profinite groups. By the above proposition, we see that a Cantor group is an Abelian profinite group without isolated points.
Proposition 18. Assume that the directed set is I = Z
+ with the usual order. For an inverse system (X i , φ ij ) j≥i with the inverse limit (X, φ i ), every non-finite sub-inverse system still has the same inverse limit (X, φ i k ) up to isomorphism.
Proof. Consider a non-finite sub-inverse system
i ) is compatible with (X i , φ ij ) j≥i , for which it suffices to show that the following diagram:
is commutative. The left half of the above diagram follows from the definition of φ
q . The right half follows from φ
i ) is compatible with (X i , φ ij ) j≥i and there is a unique homomorphism φ (2) :
By the universal property for (X ′ , φ
, there is only one map F : X ′ → X ′ with the property that φ We interpret a class in the usual sense that it is closed with respect to taking isomorphic images. Let C be some class of finite groups. We call a group F a C-group if F ∈ C, and G is called a pro-C group if it is an inverse limit of C-groups. We say that C is closed for quotients (resp. subgroups) if every quotient group (resp. subgroup) of a C-group is also a C-group. Similarly, we say that C is closed for direct products if F 1 × F 2 ∈ C whenever F 1 ∈ C and F 2 ∈ C. For example, for the class of finite p-groups where p is a fixed prime, an inverse limit of finite p-groups is called a pro-p group; for the class of finite cyclic groups, an inverse limit of finite cyclic groups is called a procyclic group.
The next result describes how a given profinite group, its subgroups and quotient groups, can be represented explicitly as inverse limits. 
for each closed subgroup H, and 
More Results about Limit-periodic Potentials
Generate limit-periodic potentials from a procyclic group.
We shall see how to generate limit-periodic potentials from a procyclic group, that is, a Cantor group which admits a minimal translation.
Proposition 21. [1, Lemma 2.2.] Given a Cantor group Ω and a minimal translation T , for each
Then we have that F (ω) is limit-periodic and F (Ω) = hull(F (ω)) for every ω ∈ Ω.
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By Proposition 3, we know that hull(F (e)) (e is the identity of Ω) is a finite cyclic group or it is a Cantor group with the unique group structure: σ 0 (F (e)) = F (e) is the identity element, and σ i (F (e)) · σ j (F (e)) = σ i+j (F (e)). The translation T defined by T (σ i (F (e))) = σ i+1 (F (e)) is minimal.
Since C(Ω, R) can generate a class of limit-periodic potentials, we will get certain class of topological groups by taking the hulls of these limit-periodic potentials. The group in this class is a Cantor group or a finite cyclic group. What is the relation between this class of topological groups and the original Cantor group Ω? To answer this question, we need two lemmas first. (Note that we will adopt the notation F (e) throughout this section, that is, F (e) = (f (T n (e))) n∈Z as in Proposition 21.)
Lemma 22. For any f ∈ C(Ω, R), hull(F (e)) is a quotient group of Ω.
Proof. Define φ by φ : Ω −→ hull(F (e)), φ(ω) = F (ω). It is not hard to see that the group structure of hull(F (e)) is like
. It follows that φ is a group homomorphism. By Proposition 21, φ is surjective. The continuity of φ follows from compactness of Ω and continuity of f . So we have hull(F (e)) ∼ = Ω/ker(φ), implying the lemma.
Lemma 23. There exists an f ∈ C(Ω, R) such that hull(F (e)) ∼ = Ω.
Proof. By Lemma 22, it suffices to prove that there exists some f ∈ C(Ω, R) such that ker(φ) = {e}. Clearly, a Cantor group is metrizable (recall that any separable compact space is metrizable). Introduce a metric on Ω compatible with the topology. Define a function f : Ω → R by f (ω) = dist(e, ω). Clearly, f is continuous, so there is a corresponding F (defined as in Proposition 21) : Ω → ℓ ∞ (Z) such that hull(F (e)) is a quotient group of Ω. Consider φ : Ω −→ hull(F (e)), φ(ω) = F (ω). If F (ω) = F (e), then f (ω) = f (e), that is, dist(e, ω) = dist(e, e) = 0, implying ω = e and ker(φ) = {e}.
Theorem 24. Given a Cantor group Ω and a minimal translation T , for each f ∈ C(Ω, R), hull(F (e)) is a Cantor group or a finite cyclic group, and C(Ω, R) can generate a class of topological groups. Then there is a one-to-one correspondence between this class of topological groups and quotient groups of Ω.
Proof. By Lemma 22, we know that groups in this class are quotient groups of Ω. Let's show the converse direction. By the definition, a quotient group of a Cantor group is still Cantor or finitely cyclic. Given a quotient group Ω 0 and a quotient homomorphism q : Ω → Ω 0 , we claim that T will induce a minimal translation T 0 on Ω 0 such that T 0 ([ω]) = q(T (ω)), [ω] ∈ Ω 0 . For writing convenience, we assume that the group operation is addition and
, which gives that T 0 is a translation by [ω 1 ]. That T 0 is minimal follows from the fact that T is minimal and q is continuous. By Lemma 23, we know that for Ω 0 and T 0 there exists some f 0 ∈ C(Ω 0 , R)
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We also have
Theorem 25. Given a Cantor group Ω and a minimal translation T , for any limit-periodic poten-
Proof. By Lemma 23 we havef ∈ C(Ω, R) such that hull(F (e)) ∼ = Ω (note thatF (e) = (f (T n (e))) n∈Z ). Since hull(d) ∼ = Ω, we have a continuous isomorphism h : hull(F (e)) → hull(d) with h(F (e)) = d.
Clearly, for
where the limit exists since h andF are both continuous.
We extend f to the whole Ω by
. By the previous analysis, f is well defined and continuous. So there is an f ∈ C(Ω, R) such that F (e) = d, that is, f (T n (e)) = d n for every n ∈ Z.
We say that f ∈ C(Ω, R) is p-periodic with respect to T if f (T p (ω)) = f (ω) for every ω ∈ Ω. Then we have
for some ω 0 ∈ Ω, some minimal translation T : Ω → Ω and every m ∈ Z, then for every minimal translatioñ T : Ω → Ω, f is p-periodic with respect toT .
The above proposition tells us that the periodicity of f is independent of minimal translations. Next we recall from [1] how periodic functions in C(Ω, R) can be constructed. Given a compact open subgroup Ω 0 with finite index (such open subgroups can be found in any neighborhood of the identity element; see Proposition 3) and f ∈ C(Ω, R), we can define a periodic f Ω 0 ∈ C(Ω, R) by
where µ Ω 0 denotes the normalized Haar measure on Ω 0 . This shows that the set of periodic functions is dense in C(Ω, R) since Ω 0 can be arbitrarily small. Moreover, there exists a decreasing sequence of Cantor subgroups Ω k with finite index n k such that Ω k = {e} (we will see this point explicitly in the next subsection). Let P k be the set of functions defined on Ω/Ω k , that is, the elements in P k are n k -periodic potentials. Denote by P the set of all periodic functions. Then, we have P k ⊂ P k+1 and P = P k .
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Characterization of the hull of a limit-periodic potential
Given a limit-periodic potential d ∈ ℓ ∞ (Z) with an infinite frequency integer set S d = {n j }, we see that hull(d) is a Cantor group admitting a minimal translation. Consider the directed set I = Z + with the usual order. This gives rise to an inverse system (Z n i , π ij ) j≥i , where Z n j are n j -cyclic groups with the discrete topology and π ij is a homomorphism defined by
We endow Z n j with a discrete metric defined by dist j (a 1 , a 2 ) = 0 when a 1 = a 2 and dist j (a 1 , a 2 ) = 1 when a 1 = a 2 . Consider the product group
of which the topology is the product topology. We endow A with a metric defined by
which is compatible with the product topology. Let E = (1, 1, · · · , 1, · · · ) ∈ A, and consider the closed subgroup
Obviously,B is a Cantor group with a minimal translation T (x) = x+ E, and 0 ∈B is the identity element. Letd
.
By the proof of Lemma 23, we know thatd = (d k ) k∈Z is limit-periodic and
. Then we haved
which tells us that one ofd's frequency integer sets is S d = {n j }. By Theorem 9, we conclude that
LetB k = {nn k E : n ∈ Z} ⊂B, and it is easy to see that there exists a decreasing sequence of Cantor subgroupsB k with the index n k and B k = { 0}.
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Limit-periodic potentials and profinite groups Proposition 27. b = (k, k, · · · , k, · · · ) is a generator inB, that is, {nb : n ∈ Z} is dense inB, if and only if, for any n j , k and n j have no common divisors.
Proof. If there exists some n t such that (k, n t ) = k t > 1, then k cannot be a generator for Z nt , i.e. nk = 1(mod n t ) for any n ∈ Z, and then
Conversely, if for any n j , k and n j have no common divisors, i.e. (k, n j ) = 1, we will show that there exists a positive integer sequence {q j } j∈Z + such that lim j→∞ q j b = E in the norm sense. Since (k, n 1 ) = 1, there exists some positive integer q 1 such that q 1 k = 1 (mod n 1 ). Similarly, since (k, n 2 ) = 1, we have q 2 k = 1 (mod n 2 ). Since n 1 |n 2 , we still have q 2 k = 1 (mod n 1 ). By induction, we get a sequence {q j } j∈Z + such that q j k = 1 (mod n i ) when i ≤ j. It is easy to see that lim j→∞ q j b = E in the norm sense, and so b is a generator. Proof. If b is not a generator, clearly T is not minimal. On the other hand, if b is a generator, for each x ∈B, there exists a corresponding sequence {q j } j∈Z + such that lim j→∞ q j b = E − x (E is the same as before), and so lim j→∞ (q j b + x) = E, which implies lim j→∞ T q j (x) = E. It follows that T is minimal.
Furthermore, since the following diagramB
is commutative where π i is the i-th coordinate projection, (B, π i ) is compatible with this inverse system (Z n i , π ij ) j≥i . Proposition 16 ensures that (B, π i ) is also the inverse limit of this system (see the statement (3) of Proposition 16). As already introduced, we callB a procyclic group, that is, an inverse limit of finite cyclic groups. Equivalently, a procyclic group is a profinite group that can be generated by one element. Thus, we have proved that a Cantor group with a minimal translation is a procyclic group. Also, equivalently, we have the following.
Theorem 29. For any limit-periodic potential
By the above analysis and Proposition 18, Theorem 9 follows directly. There is also a classification theorem about procyclic groups, which is essentially the same as Theorem 10. Let n = p p n(p) be a supernatural number where p goes through all the primes with 0 ≤ n(p) ≤ ∞ (one can consider this expression as the generalized prime factorization, and we call it supernatural since it is an extension of natural numbers to infinities that differ by different factorizations). [15] ). (2) . Given a limit-periodic potential d ∈ ℓ ∞ (Z), hull(d) has order n. If S d = {n j } is a frequency integer set of d, then one must have lim j→∞ n j = n (here "=" means that they have the same generalized prime factorization).
At the end of this section, we discuss quotient groups of a procyclic group. The class of cyclic groups is closed with respect to quotients, that is, a quotient group of a cyclic group is still cyclic. By Proposition 20, we know that a quotient group of a procyclic group is still procyclic. We have Proof. Obviously, G ∼ = lim ←k Z n k , where n k |n k+1 and lim k→∞ n k = n. WriteB = {nE : n ∈ Z}, where 
Applications in the Schrödinger Operators
In this section, we will review some recent results on the limit-periodic Schrödinger operators obtained in this context. First, let us describe the model. We consider Schrödinger operators H ω f,T acting in ℓ 2 (Z) with dynamically defined potentials V ω f,T given by
where
with a homeomorphism T of a compact space Ω and a continuous sampling function f : Ω → R.
We have seen that once Ω is a Cantor group and T a minimal translation, V ω f,T (n) = f (T n (ω)) is a limit-periodic potential. Clearly, T is ergodic with respect to µ, the normalized Haar measure on Ω. The ability to fix the base dynamics and independently vary the sampling functions is very useful in constructing examples of Schrödinger operators with desired spectral features. Suppose Ω is a Cantor group and T a minimal translation. Then there exists a dense set F ⊂ C(Ω, R) such that for every f ∈ F , every minimal translation T : Ω → Ω, every ω ∈ Ω, and every λ = 0, λf (T n (ω)) is a Gordon potential.
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Limit-periodic potentials and profinite groups first example whose spectrum is phase stable (modulo some unpublished work of Jitomirskaya, which established a similar result for a bounded non-almost periodic potential). Furthermore, the example has ULE for every ω ∈ Ω, which is stronger than phase stability (please refer to [11] ).
There are two open questions. Is there ULE in a procyclic group of other type, i.e., a Cantor group with minimal translations that don't satisfy the condition A ? Given a Cantor group Ω that admits a minimal translation, does there exist a dense set of f ∈ C(Ω, R) such that the spectrum is pure point? and a constant C 0 > 0, there is a limit-periodic V satisfying V ∞ ≤ C 0 such that the associated integrated density of states satisfies lim sup
4)
for any E 0 ∈ σ(∆ + V ).
The above limit-periodic potential was also constructed through a Cantor group and a minimal translation. The authors [10] heavily use [1, Lemma 3.1, Lemma 3.2] to conclude Theorem 42. Craig and Simon in [3] showed that integrated density of states are in general log Hölder continuous. Theorem 42 tells us that continuity of integrated density of states cannot be improved for all potentials beyond log Hölder continuity. These limit-periodic potentials are dense in the space of limit-periodic potentials.
